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ON LENGTHS, AREAS AND LIPSCHITZ CONTINUITY OF
POLYHARMONIC MAPPINGS
J. CHEN, A. RASILA ∗, AND X. WANG
Abstract. In this paper, we continue our investigation of polyharmonic map-
pings in the complex plane. First, we establish two Landau type theorems. We
also show a three circles type theorem and an area version of the Schwarz lemma.
Finally, we study Lipschitz continuity of polyharmonic mappings with respect to
the distance ratio metric.
1. Introduction
A complex-valued mapping F in a domainD is called polyharmonic (or p-harmonic)
if F satisfies the polyharmonic equation ∆pF = ∆(∆p−1F ) = 0 for some p ∈ N+,
where ∆ is the usual complex Laplacian operator
∆ = 4
∂2
∂z∂z¯
:=
∂2
∂x2
+
∂2
∂y2
.
In a simply connected domain, a mapping F is polyharmonic if and only if F has
the following representation:
F (z) =
p∑
k=1
|z|2(k−1)Gk(z),
where each Gk is harmonic, i.e., ∆Gk(z) = 0 for k ∈ {1, · · · , p} (cf. [8, 9]). This
is also known as the Almansi expansion (see [5]). When p = 1 (resp. p = 2), F
is harmonic (resp. biharmonic). The properties of biharmonic mappings have been
investigated by many authors (see, e.g., [1, 2, 3, 14]). We refer to [15, 16] for the
basic properties of harmonic mappings. References [8, 9, 10, 11, 12, 13] are mainly
about the geometry properties for certain classes of polyharmonic mappings, such
as the starlikeness and convexity, the extremal points, convolution and existence of
neighbourhoods. Coefficient estimates, Landau type theorems and radii problems
of them are also investigated.
The classical theorem of three circles [4, 22], also called Hadamard’s three circles
theorem, states that if f is an analytic function in the annulus B(r1, r2) = {z :
0 < r1 < |z| = r < r2 < ∞}, continuous on B(r1, r2), and M1, M2 and M are the
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maxima of f on the three circles corresponding to r1, r2 and r, respectively, then
M
log
r2
r1 ≤M log
r2
r
1 M
log r
r1
2 .
If r2 = 1, M1 = r
α
1 , and M2 = 1, then the Hadamard’s result states that, for
r1 ≤ r = |z| ≤ 1,
|f(z)| ≤M
log r
log r1
1 = r
α,
where α is an integer.
Let Dr denote the disk {z : |z| < r, z ∈ C}, and D the unit disk D1. For a
polyharmonic mapping F , we denote the diameter of the image set of F (Dr) by
DiamF (Dr) := sup
z,w∈Dr
|F (z)− F (w)|
(see [6]).
In [19], Poukka proved the following theorem.
Theorem A. Suppose f is analytic in D. Then for all positive integers n we have
(1.1)
|f (n)(0)|
n!
≤ 1
2
Diamf(D).
Moreover, equality holds in (1.1) for some n if and only if f(z) = f(0) + czn for
some constant c of modulus Diamf(D)/2.
We will generalize Theorem A for polyharmonic mappings, and get some coeffi-
cient estimates.
For r ∈ [0, 1), the length of the curve C(r) = {w = F (reiθ) : θ ∈ [0, 2pi]}, counting
multiplicity, is defined by
lF (r) =
∫ 2pi
0
|dF (reiθ)| = r
∫ 2pi
0
|Fz(reiθ)− e−2iθFz(reiθ)|dθ,
where F is a polyharmonic mapping defined in D. In particular, let lF (1) =
sup0<r<1 lF (r) (cf. [7]). We use the area function SF (r) of F , counting multiplicity,
defined by
SF (r) =
∫
Dr
JF (z)dσ(z),
where dσ denotes the normalized Lebesgue area measure on D (cf. [7]). In particular,
we let
SF (1) = sup
0<r<1
SF (r).
For a polyharmonic mapping F in D, we use the following standard notations:
λF (z) = min
0≤θ≤2pi
|Fz(z) + e−2iθFz(z)| =
∣∣|Fz(z)| − |Fz(z)|∣∣,
ΛF (z) = max
0≤θ≤2pi
|Fz(z) + e−2iθFz(z)| =
∣∣|Fz(z)|+ |Fz(z)|∣∣.
F is said to be K-quasiregular, K ∈ [1,∞), if for z ∈ D, ΛF (z) ≤ KλF (z).
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In [6], the authors proved the following area versio of the Schwarz lemma:
Theorem B. Suppose f is analytic on the unit disk D. Then the function φArea(r) :=
(pir2)−1Areaf(Dr) is strictly increasing for 0 < r < 1, except when f is linear, in
which case φArea is a constant.
It is natural to study if a similar area version of the Schwarz lemma exists for
polyharmonic mappings.
For a subdomain G ⊂ C and for all z, w ∈ G, the distance ratio metric jG is
defined as
jG(z, w) = log
(
1 +
|z − w|
min{d(z, ∂G), d(w, ∂G)}
)
,
where d(z, ∂G) denotes the Euclidean distance from z to ∂G. The distance ratio
metric was introduced by F. W. Gehring and B. P. Palka [18] and in the above
simplified form by M. Vuorinen [23]. However, neither the quasihyperbolic metric
kG nor the distance ratio metric jG are invariant under Mo¨bius transformations.
Therefore, it is natural to ask what the Lipschitz constants are for these metrics
under conformal mappings or Mo¨bius transformations. F. W. Gehring, B. P. Palka
and B. G. Osgood proved that these metrics are not changed by more than a factor
2 under Mo¨bius transformations, see [17, 18]:
Theorem C. If G and G′ are proper subdomain of Rn and if f is a Mo¨bius trans-
formation of G onto G′, then for all x, y ∈ G
mG′(f(x), f(y)) ≤ 2mG(x, y),
where m ∈ {j, k}.
In [20, 21], the authors considered Lipschitz continuity of the distance-ratio metric
under some Mo¨bius automorphisms of the unit ball and conformal mappings from
D to D. We will investigate Lipschitz continuity of the distance-ratio metric under
certain classes of harmonic mappings.
The organization of this paper is as follows: In Section 2, we get some coeffi-
cient estimates for polyharmonic mappings, and then we obtain two Landau type
theorems. The corresponding results are Theorems 1, 2, 3, and 4. Theorem 1 is
a generalization of Theorem A, and Theorem 2 is a generalization of [7, Theorem
3]. In Section 3, we establish a three circles type theorem and an area version of
the Schwarz lemma for polyharmonic mappings. Our results are Theorems 5 and 6.
Theorem 5 is a generalization of [7, Theorem 1], and Theorem 6 is a generalization of
Theorem B. Finally, in Section 4, we investigate the Lipschitz continuity regarding
the distance ratio metric for polyharmonic mappings. The results are Theorems 7
and 8. Theorem 7 is a generalization of [20, Theorem 1].
2. length of polyharmonic mappings
We begin this section by showing useful coefficient estimates for polyharmonic
mappings.
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Theorem 1. Suppose that F is a polyharmonic mapping in D of the form
(2.1) F (z) =
p∑
n=1
|z|2(n−1)(hn(z) + gn(z)) = p∑
n=1
|z|2(n−1)
∞∑
j=1
(an,jz
j + bn,jz
j),
and all its non-zero coefficients an1,j, an2,j and bn1,j, bn2,j satisfy the condition:
(2.2)
∣∣∣∣arg{an1,jan2,j
}∣∣∣∣ ≤ pi2 ,
∣∣∣∣arg{bn1,jbn2,j
}∣∣∣∣ ≤ pi2 .
Then
(2.3)
p∑
n=1
|an,j|,
p∑
n=1
|bn,j| ≤
√
p
2
DiamF (D),
and
p∑
n=1
(|an,j|+ |bn,j|) ≤
√
2p
2
DiamF (D)
for all n ∈ {1, . . . , p}, j ≥ 1. For p = 1, the inequalities in (2.3) are sharp for the
mappings F (z) = Czn and F (z) = Czn, respectively, where C is a constant.
Proof. Let
H(z) :=F (z)− F (zeipik )
=
p∑
n=1
|z|2(n−1)
∞∑
j=1
(
an,jz
j
(
1− eipijk )+ bn,jzj(1− e−ipijk )) .
Obviously, |H(z)| ≤ DiamF (D), and
1
2pi
∫ 2pi
0
|H(z)|2dθ
=
∑
1≤n1,n2≤p
∞∑
j=1
(
an1,jan2,j + bn1,jbn2,j
) ∣∣∣1− eipijk ∣∣∣2 r2(n1+n2+j−2)
≤Diam2F (D),
where |z| = r. Therefore,∑
1≤n1,n2≤p
(
an1,jan2,j + bn1,jbn2,j
) ∣∣∣1− eipijk ∣∣∣2 r2(n1+n2+j−2) ≤ Diam2F (D),
for all j ≥ 1. Set k = j, and let r tend to 1. Then by the assumption (2.2), we get
p∑
n=1
(|an,j|2 + |bn,j|2) ≤ 1
4
Diam2F (D).
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By Cauchy’s inequality, we have
p∑
n=1
|an,j|,
p∑
n=1
|bn,j| ≤
√
p
2
DiamF (D),
and
p∑
n=1
(|an,j|+ |bn,j|) ≤
√
2p
2
DiamF (D)
for all j ≥ 1. The proof of the theorem is complete. 
Theorem 2. Suppose F is a K-quasiregular polyharmonic mapping in D of the form
(2.1), lF (1) <∞, and satisfies the condition:
(2.4)
∣∣∣∣arg{an1,jan2,j
}∣∣∣∣ = ∣∣∣∣arg{bn1,jbn2,j
}∣∣∣∣ = 0,
for non-zero coefficients an1,j, bn1,j, an2,j, and bn2,j. Then for all n ∈ {1, . . . , p},
j ≥ 1,
|an,j|+ |bn,j| ≤ Klf (1)
2pi(n+ j − 1) .
Proof. By a simple computation, we have
Fz(z) =
p∑
n=1
∞∑
j=1
(
(n+ j − 1)an,jzn+j−2zn−1 + (n− 1)bn,jzn−2zn+j−1
)
,
Fz(z) =
p∑
n=1
∞∑
j=1
(
(n− 1)an,jzn+j−1zn−2 + (n+ j − 1)bn,jzn−1zn+j−2
)
.
Then for j0 ≥ 1, we get that
1
2pi
∫ 2pi
0
Fz(z)
zj0−1
dθ
=
1
2pi
∫ 2pi
0
p∑
n=1
∞∑
j=1
(
(n+ j − 1)an,jzn+j−j0−1zn−1 + (n− 1)bn,jzn−j0−1zn+j−1
)
dθ
=
p∑
n=1
(n+ j0 − 1)an,j0r2(n−1),
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and
1
2pi
∫ 2pi
0
Fz(z)
zj0−1
dθ
=
1
2pi
∫ 2pi
0
p∑
n=1
∞∑
j=1
(
(n− 1)an,jzn+j−1zn−j0−1 + (n+ j − 1)bn,jzn+j−j0−1zn−1
)
dθ
=
p∑
n=1
(n+ j0 − 1)r2(n−1)bn,j0 ,
which give us ∣∣∣∣∣
p∑
n=1
(n+ j0 − 1)an,j0r2(n−1)
∣∣∣∣∣+
∣∣∣∣∣
p∑
n=1
(n+ j0 − 1)bn,j0r2(n−1)
∣∣∣∣∣
=
∣∣∣∣ 12pi
∫ 2pi
0
Fz(z)
zj0−1
dθ
∣∣∣∣+
∣∣∣∣∣ 12pi
∫ 2pi
0
Fz(z)
zj0−1
dθ
∣∣∣∣∣
≤ 1
2pi
∫ 2pi
0
ΛF (z)
rj0−1
dθ.
(2.5)
It follows from
lF (r) = r
∫ 2pi
0
|Fz(reiθ)− e−2iθFz(reiθ)|dθ ≥ r
K
∫ 2pi
0
ΛF (z)dθ,
that
(2.6)
∫ 2pi
0
ΛF (z)dθ ≤ KlF (r)
r
.
(2.5) and (2.6) imply that∣∣∣∣∣
p∑
n=1
(n+ j0 − 1)an,j0r2(n−1)
∣∣∣∣∣+
∣∣∣∣∣
p∑
n=1
(n+ j0 − 1)bn,j0r2(n−1)
∣∣∣∣∣ ≤ KlF (r)2pirj0 .
Let r → 1−1. The assumption (2.4) implies
(2.7)
p∑
n=1
(n+ j0 − 1)(|an,j0 |+ |bn,j0|) ≤
KlF (1)
2pi
for all j0 ≥ 1, and hence,
|an,j|+ |bn,j| ≤ KlF (1)
2pi(n+ j − 1) ,
for all k ∈ {1, . . . , p}, j ≥ 1. The proof of the theorem is complete.

Next, we establish two Landau type theorems for polyharmonic mappings.
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Theorem 3. Suppose F is a polyharmonic mapping in D of the form (2.1), λF (0) =
α > 0, DiamF (D) <∞, and satisfies the condition (2.2) for its non-zero coefficients.
Then F is univalent in the disk Dr0 and F (Dr0) contains a univalent disk Dρ0, where
r0 is the least positive root of the following equation:
α−
√
2p
2
DiamF (D)
(
2r − r2
(1− r)2 +
p∑
n=2
r2(n−1)
(1− r)2 + 2
p∑
n=2
(n− 1)r2(n−1)
1− r
)
= 0,
and
ρ0 = r0
(
α−
√
2p
2
DiamF (D)
r0
1− r0 −
√
2p
2
DiamF (D)
p∑
n=2
2r
2(n−1)
0
1− r0
)
.
Proof. The proof of this result is similar to [12, Theorem 1], where |an,j| + |bn,j| ≤√
2p
2
DiamF (D) and λF (0) = α is used instead of |an,j|+ |bn,j| ≤
√
M4 − 1 · λF (0) for
all (n, j) 6= (1, 1), and we omit it. 
Example 1. Fix n = 4. Let α = e2pii/4 be the primitive 4th root of unity, and
β =
√
α = epii/4. Let
f0(z) = h0(z) + g0(z) =
1
pi
3∑
k=0
αk arg
{
z − β2k+1
z − β2k−1
}
be a harmonic mapping of the disk onto the domain inside a regular 4-gon with
vertices at the 4th roots of unity (cf. [16, p. 59]). By calculations,
h0(z) =
∞∑
k=0
4
pi(4k + 1)
sin
(
pi(4k + 1)
4
)
z4k+1
and
g0(z) =
∞∑
k=1
4
pi(4k − 1) sin
(
pi(4k − 1)
4
)
z4k−1.
Let F1(z) =
√
2pi
4
(
f0(z)+i|z|2f0(z)
)
(see Figure 1). Obviously, λF1(0) = 1, DiamF1(D) <
∞ and the coefficients of F1 satisfy the condition (2.2) for all its non-zero coeffi-
cients. Then F1 is univalent in the disk Dr1 and F1(Dr1) contains a univalent disk
Dρ1 , where r1 is the least positive root of the following equation:
1−
√
2p(r + r2 − r3)
(1− r)2 DiamF1(D) = 0,
and
ρ1 = r1
(
1−
√
2p(r1 + 2r
2
1)
2(1− r1) DiamF1(D)
)
.
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Figure 1. The image of the unit disk D under the mapping F1 of
Example 1.
Theorem 4. Suppose F is a K-quasiregular polyharmonic mapping in D of the form
(2.1), λF (0) = α > 0, lF (1) < ∞, and satisfies the condition (2.4) for its non-zero
coefficients. Then F is univalent in the disk Dr2 and F (Dr2) contains a univalent
disk Dρ2, where r2 is the least positive root of equation
α− KlF (1)
2pi(1− r)
(
r + 3
p∑
n=2
r2(n−1)
)
= 0,
and
ρ2 = αr2 − KlF (1)
2pi
(
log
1
1− r2 − r2 + 2 log
1
1− r2
p∑
n=2
r
2(n−1)
2
)
.
Proof. For any z1 6= z2, where z1, z2 ∈ Dr and r ∈ (0, 1) is a constant. It follows
from (2.7) that∣∣F (z1)− F (z2)∣∣ = ∣∣∣∣∫
[z1,z2]
Fz(z)dz + Fz(z)dz
∣∣∣∣
≥
∣∣∣∣∫
[z1,z2]
Fz(0)dz + Fz(0)dz
∣∣∣∣
−
∣∣∣∣∫
[z1,z2]
(
Fz(z)− Fz(0)
)
dz +
(
Fz(z)− Fz(0)
)
dz
∣∣∣∣
≥ J1 − J2 − J3 − J4,
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where
J1 :=
∣∣∣∣∫
[z1,z2]
h′1(0) dz + g
′
1(0)dz
∣∣∣∣ ≥ ∫
[z1,z2]
λF (0)|dz| = λF (0)|z1 − z2|,
J2 :=
∣∣∣∣∫
[z1,z2]
(
h′1(z)− h′1(0)
)
dz +
(
g′1(z)− g′1(0)
)
dz
∣∣∣∣ ,
≤
∫
[z1,z2]
∣∣h′1(z)− h′1(0)∣∣|dz|+ ∣∣g′1(z)− g′1(0)∣∣|dz|
≤ |z1 − z2|
∞∑
j=2
j(|a1,j|+ |b1,j|)rj−1
≤ |z1 − z2|KlF (1)
2pi
∞∑
j=2
rj−1
= |z1 − z2|KlF (1)
2pi
r
1− r ,
J3 :=
∣∣∣∣∣
∫
[z1,z2]
p∑
n=2
|z|2(n−1)h′n(z)dz +
p∑
n=2
|z|2(n−1)g′n(z)dz
∣∣∣∣∣ ,
≤
∫
[z1,z2]
p∑
n=2
|z|2(n−1)∣∣h′n(z)∣∣|dz|+ p∑
n=2
|z|2(n−1)∣∣g′n(z)∣∣|dz|
≤ |z1 − z2|
p∑
n=2
r2(n−1)
∞∑
j=1
j(|an,j|+ |bn,j|)rj−1
≤ |z1 − z2|
p∑
n=2
r2(n−1)
∞∑
j=1
KlF (1)
2pi
rj−1
≤ |z1 − z2|KlF (1)
2pi
·
p∑
n=2
r2(n−1)
1− r ,
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and
J4 :=
∣∣∣∣∣
∫
[z1,z2]
p∑
n=2
(n− 1)|z|2(n−2)(hn(z) + gn(z))(zdz + zdz)
∣∣∣∣∣
≤
∣∣∣∣∣
∫
[z1,z2]
2
p∑
n=2
(n− 1)|z|2(n−2)
∞∑
n=1
(|an,j|+ |bn,j|) |z|j+1|dz|
∣∣∣∣∣
≤ 2|z1 − z2|
p∑
n=2
r2(n−2)
∞∑
n=1
(n− 1) (|an,j|+ |bn,j|) rj+1
≤ 2|z1 − z2|
p∑
n=2
r2(n−2)
∞∑
n=1
KlF (1)
2pi
rj+1
= 2|z1 − z2|KlF (1)
2pi
·
p∑
n=2
r2(n−1)
1− r .
That is ∣∣F (z1)− F (z2)∣∣ ≥ |z1 − z2|ϕ(r),
where
ϕ(r) = α− KlF (1)
2pi
(
r
1− r + 3
p∑
n=2
r2(n−1)
1− r
)
,
It is easy to see that the function ϕ(r) is strictly decreasing for r ∈ (0, 1),
lim
r→0+
ϕ(r) = α and lim
r→1−
ϕ(r) = −∞.
Hence there exists a unique r2 ∈ (0, 1) satisfying ϕ(r2) = 0. This implies that F is
univalent in Dr2 .
For any w in {w : |w| = r2}, we obtain∣∣F (w)− F (0)∣∣ = ∣∣∣∣∫
[0,w]
Fz(z)dz + Fz(z)dz
∣∣∣∣
≥ αr2 −
∞∑
j=2
(|a1,j|+ |b1,j|)rj2 − 2
p∑
n=2
r
2(n−1)
2
∞∑
j=1
(|an,j|+ |bn,j|)rj2
≥ αr2 − KlF (1)
2pi
∞∑
j=2
rj2
j
− 2
p∑
n=2
r
2(n−1)
2
∞∑
j=1
KlF (1)
2pi
rj2
j
= αr2 − KlF (1)
2pi
(
log
1
1− r2 − r2 + 2 log
1
1− r2
p∑
n=2
r
2(n−1)
2
)
:= ρ2.
Obviously,
ρ2 > r2
(
α− KlF (1)
2pi
(
r2
1− r2 + 3
p∑
n=2
r
2(n−1)
2
1− r2
))
= 0.
The proof of the theorem is complete. 
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Example 2. Let F2(z) = z(1 + |z|2 + |z|4) be a K-quasiregular polyharmonic map-
ping. Since
2
∣∣∣∣∂F2(z)∂z
∣∣∣∣ < ∣∣∣∣∂F2(z)∂z
∣∣∣∣ ,
then we can choose K = 3. Obviously, λF2(0) = 1, lF2(1) <∞ and the coefficients of
F2 satisfy the condition (2.4) for all its non-zero coefficients. Then F2 is univalent in
the disk Dr3 and F2(Dr3) contains a univalent disk Dρ3 , where r3 is the least positive
root of equation
1− KlF2(1)
2pi(1− r)
(
r + 3r2 + 3r4
)
= 0,
and
ρ3 = r3 − KlF2(1)
2pi
(
log
1
1− r3 − r3 + 2(r
2
3 + r
4
3) log
1
1− r3
)
.
3. Area distortion under polyharmonic mappings
In this section, we investigate the area distortion under polyharmonic mappings.
First, we establish a three circles type theorem, involving the area function, for
polyharmonic mappings.
Theorem 5. Fix m ∈ (0, 1). Suppose that F is a polyharmonic mapping of the
form (2.1), SF (r1) ≤ m, SF (1) ≤ 1, |an,j| ≥ |bn,j| for all n ∈ {1, · · · , p}, j ≥ 1, and
all its non-zero coefficients satisfy the condition:
(3.1)
∣∣∣∣arg{an1,jan2,j
}∣∣∣∣ ≤ pi2 ,
∣∣∣∣arg{bn1,jbn2,j
}∣∣∣∣ ≥ pi2 , where n1 6= n2.
Then for r1 ≤ r < 1, SF (r) ≤ m
log r
log r1 .
Proof. By a simple computation, we have
1
2pi
∫ 2pi
0
|Fz(z)|2dθ =
∑
1≤n1,n2≤p
∞∑
j=1
(
(n1 − 1)(n2 − 1)(an1,jan2,j + bn1,jbn2,j)
+
(
j(n1 + n2 − 2) + j2
)
an1,jan2,j
)
r2(n1+n2+j−3),
and
1
2pi
∫ 2pi
0
|Fz(z)|2dθ =
∑
1≤n1,n2≤p
∞∑
j=1
(
(n1 − 1)(n2 − 1)(an1,jan2,j + bn1,jbn2,j)
+
(
j(n1 + n2 − 2) + j2
)
bn1,jbn2,j
)
r2(n1+n2+j−3).
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Therefore,
1
2pi
∫ 2pi
0
(|Fz(z)|2 − |Fz(z)|2)dθ
=
∑
1≤n1,n2≤p
∞∑
j=1
j(n1 + n2 + j − 2)
(
an1,jan2,j − bn1,jbn2,j
)
r2(n1+n2+j−3)
=
p∑
n=1
∞∑
j=1
j(2n+ j − 2)(|an,j|2 − |bn,j|2)r2(2n+j−3)
+ 2
∑
1≤n1<n2≤p
∞∑
j=1
j(n1 + n2 + j − 2)Re
(
an1,jan2,j − bn1,jbn2,j
)
r2(n1+n2+j−3).
(3.2)
It follows from the assumption (3.1) that
1
2pi
∫ 2pi
0
(|Fz(z)|2 − |Fz(z)|2)dθ ≥ 0,
and hence
SF (r) =
∫
Dr
JF (z)dσ(z)
=
1
pi
∫ r
0
∫ 2pi
0
(|Fz(ρeiθ)|2 − |Fz(ρeiθ)|2)dθρdρ
=
p∑
n=1
∞∑
j=1
j
(|an,j|2 − |bn,j|2)r2(2n+j−2)
+ 2
∑
1≤n1<n2≤p
∞∑
j=1
jRe
(
an1,jan2,j − bn1,jbn2,j
)
r2(n1+n2+j−2) ≥ 0.
(3.3)
Let
G(z) =
∑
1≤n1,n2≤p
∞∑
j=1
j
(
an1,jan2,j − bn1,jbn2,j
)
z2(n1+n2+j−2).
Then the maximum of G on Dr is obtained on the real axis, that is SF (r) = G(r) =
max|z|=r |G(z)|, where 0 < r1 ≤ r < 1. Hence the result follows from Hadamard’s
theorem. As in [7, Theorem 1], the mapping F (z) = αz + βz, with |α|2 − |β|2 = 1
shows the sharpness. 
The following theorem is an area version of the Schwarz lemma for polyharmonic
mappings.
Theorem 6. Suppose that F is a polyharmonic mapping of the form (2.1), |an,j| ≥
|bn,j| for all n ∈ {1, · · · , p}, j ≥ 1, and all its non-zero coefficients satisfy the condi-
tion (3.1). Then the function φArea(r) := (pir
2)−1AreaF (Dr) is strictly increasing for
0 < r < 1, except when F (z) has the form (3.7), in which case φArea is a constant.
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Proof. It follows from (3.2) that
1
2pi
∫ 2pi
0
JF (re
iθ)rdθ
=
p∑
n=1
∞∑
j=1
j(2n+ j − 2)(|an,j|2 − |bn,j|2)r2(2n+j−2)−1
+ 2
∑
1≤n1<n2≤p
∞∑
j=1
j(n1 + n2 + j − 2)Re
(
an1,jan2,j − bn1,jbn2,j
)
r2(n1+n2+j−2)−1.
(3.4)
Let
A(r) := AreaF (Dr) =
∫ 2pi
0
∫ r
0
JF (ρe
iθ)ρdρdθ.
Since SF (r) = A(r)/pi, then the equations (3.3) imply that
A(r) =pi
p∑
n=1
∞∑
j=1
j
(|an,j|2 − |bn,j|2)r2(2n+j−2)
+ 2pi
∑
1≤n1<n2≤p
∞∑
j=1
jRe
(
an1,jan2,j − bn1,jbn2,j
)
r2(n1+n2+j−2).
(3.5)
Since
dA(r)
dr
=
d
dr
∫ r
0
∫ 2pi
0
JF (ρe
iθ)ρdθdρ
=
∫ 2pi
0
JF (re
iθ)rdθ,
then by (3.4) and (3.5), we have
(3.6)
dA(r)
dr
− 2A(r)
r
= 2pi
(
p∑
n=1
∞∑
j=1
j(2n+ j − 3)(|an,j|2 − |bn,j|2)r2(2n+j−2)−1
+2
∑
1≤n1<n2≤p
∞∑
j=1
j(n1 + n2 + j − 3)Re
(
an1,jan2,j − bn1,jbn2,j
)
r2(n1+n2+j−2)−1
)
.
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By simple calculations and the assumption, we get
d
dr
φArea(r) =
1
pir2
dA(r)
dr
− 2A(r)
pir3
=
1
pir2
(
dA(r)
dr
− 2A(r)
r
)
≥ 0.
If φArea(r) is not strictly increasing, then there is 0 < s < t < 1, such that
φArea(r) = C for every s ≤ r ≤ t. This implies that φ′Area(r) ≡ 0 on [s, t], then
dA(r)
dr
≡ 2A(r)
r
on [s, t]. By (3.6), we see F has the following form
F (z) =zηeiθ1 + zξeiϕ1 +
∞∑
k=2
ζ1,k(z
keiθk + zkeiϕk)
+ |z|2
∞∑
k=1
ζ2,k
(
zkei(θk±
pi
2 ) + zkei(ϕk±
pi
2 )
)
,
(3.7)
where η, ξ, ζ1,k, ζ2,k ≥ 0, and θk, ϕk ∈ R. 
Remark 1. If F is analytic, then Theorem 6 reduces to [6, Theorem 1.9], and gives
a new proof of it.
Moreover, by (3.6), we have
lim
r→0
φArea(r) = lim
r→0
AreaF (Dr)
pir2
= JF (0).
Therefore the corollary given below follows.
Corollary 1. Suppose that F is a polyharmonic mapping of the form (2.1), |an,j| ≥
|bn,j| for all n ∈ {1, · · · , p}, j ≥ 1, and all its non-zero coefficients satisfy the
condition (3.1). If AreaF (D) = pi, then
AreaF (Dr) ≤ pir2
for every 0 < r < 1.
4. Lipschitz continuity of polyharmonic mappings
Now, we give a sufficient condition for a polyharmonic mapping to be a contrac-
tion, that is to have the Lipschitz constant at most 1.
Theorem 7. Let F (z) be a polyharmonic mapping in D of the form (2.1). Suppose
that there exists a constant M > 0 such that F (D) ⊂ DM and
(4.1)
p∑
n=1
∞∑
j=1
(|an,j|+ |bn,j|) ≤M.
Then
jDM (F (z), F (w)) ≤ jD(z, w).
This inequality is sharp.
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Proof. For z, w ∈ D, let’s assume that |F (z)| ≥ |F (w)| and 0 < r = max{|z|, |w|}.
Since
|F (z)− F (w)|
=
∣∣∣∣∣
p∑
n=1
∞∑
j=1
(
an,j(|z|2(n−1)zj − |w|2(n−1)wj) + bn,j(|z|2(n−1)zj − |w|2(n−1)wj)
)∣∣∣∣∣
≤|z − w|
p∑
n=1
∞∑
j=1
∣∣|z|2(n−1)zj − |z|2(n−1)wj + |z|2(n−1)wj − |w|2(n−1)wj∣∣
|z − w| |an,j|
+ |z − w|
p∑
n=1
∞∑
j=1
∣∣|z|2(n−1)zj − |z|2(n−1)wj + |z|2(n−1)wj − |w|2(n−1)wj∣∣
|z − w| |bn,j|
≤|z − w|
p∑
n=1
∞∑
j=1
(
|z|2(n−1) |z
j − wj|
|z − w| + |w|
j |z|2(n−1) − |w|2(n−1)
|z| − |w|
)
(|an,j|+ |bn,j|)
≤|z − w|
p∑
n=1
∞∑
j=1
(
|z|2(n−1)
∑
0≤s+t≤j−1
|z|s|w|t + |w|j
∑
0≤s+t≤2n−3
|z|s|w|t
)
(|an,j|+ |bn,j|)
≤|z − w|
p∑
n=1
∞∑
j=1
(|an,j|+ |bn,j|)
2n+j−3∑
s=0
|z|s,
and
M − |F (z)| ≥
p∑
n=1
∞∑
j=1
(|an,j|+ |bn,j|)−
∣∣∣∣∣
p∑
n=1
|z|2(n−1)
∞∑
j=1
(
an,jz
j + bn,jz
j
)∣∣∣∣∣
≥
p∑
n=1
∞∑
j=1
(|an,j|+ |bn,j|)(1− |z|2n+j−2)
=(1− |z|)
p∑
n=1
∞∑
j=1
(|an,j|+ |bn,j|)
2n+j−3∑
i=0
|z|i,
then
jDM (F (z), F (w)) = log
(
1 +
|F (z)− F (w)|
M − |F (z)|
)
≤ log
(
1 +
|z − w|∑pn=1∑∞j=1(|an,j|+ |bn,j|)∑2n+j−3s=0 |z|s
(1− |z|)∑pn=1∑∞j=1(|an,j|+ |bn,j|)∑2n+j−3i=0 |z|i
)
= log
(
1 +
|z − w|
1− |z|
)
≤jD(z, w).
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As the proof in [20, Theorem 1], the mapping F (z) = |z|2(p−1)zj or F (z) =
|z|2(p−1)zj for p, j ≥ 1, shows the sharpness. 
In fact, for a harmonic mapping f(z), the condition |f(z)| < 1 is not sufficient
for the inequality (4.1) to hold for the case M = 1. For example, one may consider
the mapping f(z) = 0.26z + 0.25z + 0.25iz2 − 0.25iz2. Now, we study Lipschitz
continuity of harmonic mappings f with respect to the distance ratio metric, without
the condition (4.1).
Theorem 8. Let f(z) =
∑p
j=1
(
ajz
j + bjz
j
)
be a harmonic mapping in D with
f(D) ⊂ D. Then
jD(f(z), f(w)) <
p
√
2p
2
pijD(z, w).
Proof. Assume that |f(z)| ≥ |f(w)| and r = max{|z|, |w|}. It follows from Cauchy’s
inequality and Parseval’s relation
p∑
j=1
(|aj|2 + |bj|2) = 1
2pi
∫ 2pi
0
|f(z)|2 ≤ 1
that
p∑
j=1
(|aj|+ |bj|) ≤
√√√√2p p∑
j=1
(|a2j |+ |b2j |) ≤
√
2p.
Then,
|f(z)− f(w)| =
∣∣∣∣∣
p∑
j=1
(
ak(z
k − wk) + bk(zk − wk)
)∣∣∣∣∣
≤p|z − w|
p∑
j=1
(|aj|+ |bj|)
≤p
√
2p|z − w|.
The Schwarz lemma implies that 1− |f(z)| ≥ 1− 4
pi
arctan r. Therefore,
jD(f(z), f(w)) = log
(
1 +
|f(z)− f(w)|
1− |f(z)|
)
≤ log
(
1 + p
√
2p
|z − w|
1− 4
pi
arctan r
)
= log
(
1 + p
√
2p
|z − w|
1− r
1− r
1− 4
pi
arctan r
)
.
Let ψ(r) = g(r)
h(r)
, where g(r) = 1 − r, h(r) = 1 − 4
pi
arctan r. Since g(1) = h(1) = 0,
g′(r)
h′(r) =
pi(1+r2)
4
is strictly increasing with respect to r, then ψ(r) is increasing from
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[0, 1) onto [1, pi
2
). Hence,
jD(f(z), f(w)) < log
(
1 +
p
√
2p
2
pi
|z − w|
1− r
)
≤ p
√
2p
2
pijD(z, w).

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